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Abstract
Polynomial composition is the operation of replacing variables in a polynomial by other polynomials.
This paper studies when Gröbner bases remain Gröbner bases under composition with respect to any fixed
term ordering. A complete characterization is given for homogeneous Gröbner bases under an arbitrary
grading. This unifies the results of Hong (1998) and Liu and Wang (2006).
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1. Introduction
Let K be an arbitrary field, and K[x1, x2, . . . , xn] the polynomial ring in the variables
x1, x2, . . . , xn with coefficients in K . Theory of Gröbner bases on K[x1, x2, . . . , xn] was invented
by Buchberger [1–3] as a basis for algorithms to test the solvability of a system of polynomial
equations. Since its invention, Gröbner bases technique has become a powerful computational
tool involving polynomial data in science and engineering [4–6,11]. Therefore it is significant to
study various properties concerning Gröbner basis.
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Hong [7,8], and several other researchers [9,12–14], etc. In [15], the authors studied the problem
of the behavior of homogeneous Gröbner bases in the usual sense under composition of polyno-
mials. It is rather natural to ask if the theorem of Hong [8] and that of [15] can be unified under
a more general framework.
Let Γ be an arbitrary grading on K[x1, x2, . . . , xn]. We consider the problem of the be-
havior of Γ -homogeneous Gröbner bases under composition of polynomials. Namely, let Θ =
(θ1, . . . , θn) be a list of polynomials in K[x1, x2, . . . , xn]. For arbitrary Γ -homogeneous Gröbner
basis G under some term ordering, let G∗ be the set obtained from G by replacing xi by θi . Then
our problem is: under which condition for every Γ -homogeneous Gröbner basis G with respect
to some term ordering, G∗ is a Gröbner basis with respect to the same term ordering?
The aim of the paper is to give a necessary and sufficient condition to the above problem,
which may be regarded as a common generalization of Hong’s theorem [8] and the result in [15].
The structure of the paper is as follows. In Section 2, we briefly review the terminology from
Gröbner basis theory and state the main theorem of the paper. In Section 3, we present the proof
of our main result.
2. Preliminaries and main result
For Gröbner basis theory, we refer to Buchberger’s original papers [1–3] or the textbooks [4–
6,10,11]. For the usage of notation, we follow the convention as in [8]. We first list some notation
used throughout the paper.
Notation 2.1.
K A field.
p,q, r A term, that is, xe11 · · ·xenn for some e1, . . . , en ∈ N.
f, g a nonzero polynomial in K[x1, . . . , xn].
| the divisibility relation over the terms, that is, p | q if and only if p divides q.
> A term ordering on K[x1, . . . , xn].
lt(f ) The leading term of f under >.
lc(f ) The leading coefficient of f under >.
lm(f ) The leading monomial of f under >, that is, lm(f ) = lc(f ) lt(f ) for f = 0,
lm(0) = 0.
lt(H) The set {lt(h) | h ∈ H }.
lcm(p, q) The least common multiple of p and q.
Θ An ordered n-tuple (θ1, . . . , θn) with θi ∈ K[x1, . . . , xn] being nonconstant.
lt(Θ) The list (lt(θ1), . . . , lt(θn)).
lm(Θ) The list (lm(θ1), . . . , lm(θn)).
S(f,g) the S-polynomial of f and g, that is, lcm(lt(f ),lt(g))f − lcm(lt(f ),lt(g))g.lm(f ) lm(g)
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is defined as v1e1 + · · · + vnen. We say that a polynomial f is Γ -homogeneous if and only if
every term has the same Γ -weight. Under this sense, Γ is said to be a grading on K[x1, . . . , xn].
Definition 2.1. The composition of h by Θ , denoted as h ◦ Θ , is the polynomial obtained from
h by replacing each xi in h with θi , that is,
(h ◦ Θ)(x1, . . . , xn) = h
(
θ1(x1, . . . , xn), . . . , θn(x1, . . . , xn)
)
.
Moreover, for a finite set H , H ◦Θ is defined by {h ◦Θ | h ∈ H }. Clearly, for any term p, we
have lt(p ◦ Θ) = p ◦ lt(Θ).
Throughout the paper we fix a term ordering >, and when we say that G is a Gröbner basis
we always mean that G is a Gröbner basis with respect to >.
For the convenience of reader, we introduce several general definitions from [8]:
Definition 2.2. We say that composition by Θ commutes with Gröbner bases property if and
only if for every Gröbner basis G, G ◦ Θ is a Gröbner basis.
Definition 2.3. We say that composition by Θ is compatible with the term ordering > if and only
if for all terms p and q , we have
p > q ⇒ p ◦ lt(Θ) > q ◦ lt(Θ).
Definition 2.4. The list lt(Θ) is called a permuted powering if lt(Θ) = (xλ1π1 , . . . , xλnπn ) for some
permutation π of (1, . . . , n), and positive integers λ1, . . . , λn.
Given a Θ , for a specific Gröbner basis G, it may be difficult to decide if G ◦ Θ is a Gröbner
basis. Hong [8] proved the following nice result about the behavior of Gröbner bases under
composition.
Theorem 2.1. (See [8].) Composition by Θ commutes with Gröbner bases property if and only if
(a) composition by Θ is compatible with the term ordering >; and
(b) the list lt(Θ) is a permuted powering.
A Gröbner basis G is said to be a Γ -homogeneous if every polynomial of G is Γ -
homogeneous [5,11].
Definition 2.5. We say that composition by Θ commutes with Γ -homogeneous Gröbner bases
property if for every Γ -homogeneous Gröbner basis G, G ◦ Θ is a Gröbner basis.
Remark 2.1. Notice that in Definition 2.5, we require that G ◦ Θ is only a Gröbner basis. Thus
we do not need to set a restriction on Θ as in [15].
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only if for all terms p and q , we have
p > q, and Γ (p) = Γ (q) ⇒ p ◦ lt(Θ) > q ◦ lt(Θ).
Remark 2.2. If Γ (x1) = · · · = Γ (xn) = 0, then Definition 2.6 is the same as Definition 2.3, and
if Γ (x1) = · · · = Γ (xn) = 1, then it is just Definition 2.6 in [15].
With above definitions, the main result of the paper can be described as follows:
Theorem 2.2 (Main theorem). For any grading Γ , and any term ordering >, composition by Θ
commutes with Γ -homogeneous Gröbner bases property if and only if the following two condi-
tions are satisfied:
(a) composition by Θ is Γ -compatible with the term ordering >; and
(b) the list lt(Θ) is a permuted powering.
Remark 2.3. When Γ (xi) = 0 for i = 1,2, . . . , n, Theorem 2.2 is the main theorem of Hong [8].
When Γ (xi) = 1, i = 1, . . . , n, Theorem 2.2 is the main result of [15].
3. Proof of main theorem
In this section, we prove the main theorem. We will only give the different points comparing
with the Hong’s proof in [8] and those of [15]. The difficult part is the proof of necessity. We
need to distinguish several cases since different variables xi may possess different weights. In
this general case, it is almost impossible to give a uniform counter-example to prove the necessity
as in [8] and [15].
We begin with the following Lemma.
Lemma 3.1. If composition by Θ commutes with Γ -homogeneous Gröbner bases property, then
composition by Θ is Γ -compatible with the term ordering >.
Proof. Following the proofs of Lemmas 5.2–5.4 in [8], the result can be easily obtained. 
We also need the following two well-known results from [4]:
Lemma 3.2. Let d be the greatest common divisor of f and g. Then {f,g} is a Gröbner basis if
and only if lt( f
d
) and lt( g
d
) are relatively prime, that is, gcd(lt(f ), lt(g)) = lt(d).
Lemma 3.3. Let {g1, . . . , gt } ⊆ K[x1, . . . , xn] and 0 = h ∈ K[x1, . . . , xn]. Then {g1, . . . , gt } is a
Gröbner basis if and only if {hg1, . . . , hgt } is a Gröbner basis.
We fix the following notation for the convenience of discussions below: for i = j , let d =
gcd(θi, θj ). There are polynomials θ ′i , θ ′j , hi, hj such that
θi = dθ ′i , θj = dθ ′j ,
θ ′i = lm
(
θ ′i
)+ hi, θ ′j = lm(θ ′j )+ hj ,
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for any i.
Lemma 3.4. If composition by Θ commutes with Γ -homogeneous Gröbner basis property, then
lt(θ ′i ) and lt(θ ′j ) are relatively prime for any i = j .
Proof. For any Γ , {xi, xj } is a Γ -homogeneous Gröbner basis. Hence {θi, θj } is a Gröbner basis
too. By Lemma 3.2, lt(θ ′i ) and lt(θ ′j ) must be relatively prime. 
Lemma 3.5. Suppose composition by Θ commute with Γ -homogeneous Gröbner basis property.
If for all i = j , vi = vj = 0, then lt(θi) and lt(θj ) are relatively prime.
Proof. By Lemma 3.1, without loss of generality, we may assume that lt(θj ) > lt(θi). Hence
lt(θ ′j ) > lt(θ ′i ).
By the assumption, {θi, θj + 1} is a Gröbner basis. Let f = lm(θ ′i )(θj + 1) − lm(θ ′j )θi . Then
f ∈ Ideal(θj + 1, θi). Note that θ ′i θj = θ ′j θi , we have
f = (θ ′i − hi)(θj + 1) − (θ ′j − hj )θi
= θ ′i θj + θ ′i − hi(θj + 1) − θ ′j θi + hj θi
= −hi(θj + 1) + hj θi + θ ′i .
Hence θ ′i ∈ Ideal(θj + 1, θi). Therefore lt(θj ) | lt(θ ′i ), or lt(θi) | lt(θ ′i ). But lt(θj ) > lt(θi) lt(θ ′i ),
we must have lt(θi) | lt(θ ′i ), which implies lt(d) = 1. Thus lt(θi) and lt(θj ) are relatively
prime. 
Lemma 3.6. Suppose composition by Θ commute with Γ -homogeneous Gröbner basis property.
If vi = 0, and vj = 0, then lt(θi) and lt(θj ) are relatively prime.
Proof. Since vj = 0, ∀k ∈ K , {xj − k} is a Γ -homogeneous basis, so {θj − k} is Gröbner basis.
Hence θj = k, and lt(θj ) > 1.
First we prove θj  θi . Suppose otherwise, say θi = hθj for some h ∈ K[x1, . . . , xn]. Since
θj is not a constant, there exists an integer r with r  2 such that (lt(θj ))r  lt(h). By Buch-
berger’s criterion, {xixr2j + xi, xri } is a Γ -homogeneous Gröbner basis. Hence {θiθr
2
j + θi, θri } is
a Gröbner basis. Let I = Ideal(θiθr2j + θi, θri ), and g = hr−1(θiθr
2
j + θi) − θr
2+1−r
j θ
r
i . Then
g ∈ I . Also, note that θiθr2j + θi = hθr
2+1
j + hθj and θri = hrθrj , we have g = hrθr
2+1
j +
hrθj − hrθr2+1j = hrθj . Therefore hrθj ∈ I . Thus lt(θri ) | lt(hrθj ), or lt(θiθr
2
j ) | lt(hrθj ). It
is obvious lt(θri ) = lt(hrθrj )  lt(hrθj ), because lt(θj ) > 1, and r  2. Hence we must have
lt(θiθr
2
j ) | lt(hrθj ), that is lt(hθr
2+1
j ) | lt(hrθj ). Thus lt(θr
2
j ) | lt(hr−1). Hence lt(θr
2
j ) | lt(hr).
Further we have lt(θj )r | lt(h). This is a contradiction.
Since θj  θi , we see that θ ′j is not a constant. Hence lt(θ ′j ) > 1. By Buchberger’s criterion,
{xixj + xi, x2i } is a Γ -homogeneous Gröbner basis. Hence {θiθj + θi, θ2i } is a Gröbner basis.
Now note that
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θiθj + θi, θ2i
)= lm(θ ′i)(θiθj + θi) − lm(θ ′j )θ2i
= (θ ′i − hi)(θiθj + θi) − (θ ′j − hj )θ2i
= θ ′i θiθj + θ ′i θi − hi(θiθj + θi) − θ ′j θ2i + hj θ2i
= −hi(θiθj + θi) + hj θ2i + θ ′i θi .
Thus θiθ ′i ∈ Ideal(θiθj + θi, θ2i ). Hence either lt(θiθj + θi) | lt(θiθ ′i ), or lt(θ2i ) | lt(θiθ ′i ). If
lt(θiθj + θi) | lt(θiθ ′i ), then we have lt(θiθj ) | lt(θiθ ′i ). Further we have lt(θj ) | lt(θ ′i ). There-
fore lt(θ ′j ) | lt(θ ′i ). But lt(θ ′j ) > 1 and lt(θ ′i ) and lt(θ ′j ) are relatively prime (Lemma 3.4). This is
impossible. Hence, we have lt(θ2i ) | lt(θiθ ′i ), which implies lt(d) = 1, that is, lt(θi) and lt(θj ) are
relatively prime. 
In order to deal with the cases of vi = 0 and vj = 0, we need to prove two auxiliary lemmas.
Lemma 3.7. Suppose composition by Θ commute with Γ -homogeneous Gröbner basis property.
If vi > vj > 0 and xvji > xvij , then lt(θ ′i )vj  lt(d)2vi−2vj .
Proof. Since xvji > x
vi
j , by Lemma 3.1, we have lt(θi)vj > lt(θj )vi , that is, lt(dvj θ
′vj
i ) >
lt(dvi θ ′vij ). Hence
lt
(
θ ′i
)vj > lt(dvi−vj θ ′vij ) lt(d)vi−vj . (1)
Assume that lt(θ ′i )vj | lt(d)2vi−2vj . We need to derive a contradiction. Let p = gcd(θ
′vj
i ,
dvi−vj ). Then there exist two polynomials q1 and q2 such that θ
′vj
i = pq1, dvi−vj = pq2, and
gcd(q1, q2) = 1. Note that lt(q1) > 1, since otherwise we have lt(θ ′i )vj  lt(d)vi−vj , which con-
tradicts to (1).
Since {xvji , xvij } is a Γ -homogeneous Gröbner basis, {θ
vj
i , θ
vi
j } is a Gröbner basis. Note that
θ
vj
i = dvj θ
′vj
i , and θ
vi
j = dvi θ ′vij , so {θ
′vj
i , d
vi−vj θ ′vij } is a Gröbner basis by Lemma 3.3. Also
lt(θ ′i ) and lt(θ ′j ) are relatively prime (Lemma 3.4), we have gcd(θ
′vj
i , d
vi−vj θ ′vij ) = p. Hence by
Lemma 3.2, lt(q1) and lt(q2θ ′vij ) are relatively prime. Therefore, lt(q1) and lt(q2) are relatively
prime, and q1 and q2θ ′j are relatively prime.
From lt(θ ′i )vj | lt(d)2vi−2vj , that is, lt(p) lt(q1) | lt(p2) lt(q22 ), it follows that lt(q1) | lt(p). Let
α = vi , β = 2vi − vj . Then βvi − αvj = 2α(vi − vj ). Since {xαvji , xβvij } are Γ -homogeneous
Gröbner basis, {θαvji , θβvij } is a Gröbner basis. By Lemma 3.3, {θ
′αvj
i , d
2α(vi−vj )θ ′βvij } is a Gröb-
ner basis. Let w = gcd(θ ′αvji , d2α(vi−vj )θ ′βvij ), Then lt( θ
′αvj
i
w
) and lt(
d
2α(vi−vj )θ ′βvij
w
) are relatively
prime by Lemma 3.2.
Now we prove q1 | p. Assume that q1  p. Let e = gcd(q1,p). Then lt( q1e ) > 1, and lt( q1e ) |
lt(p
e
). From θ ′αvji = pαqα1 , d2α(vi−vj )θ ′βvij = p2αq2α2 θ ′βvij , we have w = pαeα . So
lt
(
θ
′αvj
i
)
= lt
(
q1
)α
and
w e
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(
d2α(vi−vj )θ ′βvij
w
)
= lt
(
p
e
)α
lt(q2)2α lt
(
θ
′βvi
j
)
have a nontrivial common divisor lt( q1
e
)α . This is a contradiction.
Thus we have q1 | p. Let p = q1q ′1 for some polynomial q ′1. Since lt(q1) > 1, we may choose
a positive integer m such that lt(qm1 )  lt(q
′
1). Since x
vj
i > x
vi
j , {x
mvj
i + xmvij , x
(m+1)vi−vj
j } is a
Γ -homogeneous Gröbner basis. Hence {θmvji + θmvij , θ
(m+1)vi−vj
j } is a Gröbner basis. Note that
θ
mvj
i + θmvij = dmvj
(
θ
′mvj
i + dm(vi−vj )θ ′mvij
)
,
θ
(m+1)vi−vj
j = d(m+1)vi−vj θ
′ (m+1)vi−vj
j .
Let
f1 = θ ′mvji + dm(vi−vj )θ ′mvij ,
g1 = d(m+1)(vi−vj )θ ′ (m+1)vi−vjj .
Then by Lemma 3.3, {f1, g1} is a Gröbner basis. Let I1 = Ideal(f1, g1), and note that
f1 = (pq1)m + (pq2)mθ ′mvij and
g1 = (pq2)m+1θ ′ (m+1)vi−vjj .
Let
h = q ′1qm+12 θ
′ (m+1)vi−vj
j f1 − qm−11 g1.
Then h = pmq ′1q2m+12 θ
′ (2m+1)vi−vj
j , and h ∈ I1. So lt(f1) | lt(h), or lt(g1) | lt(h).
If lt(f1) | lt(h), then lt(pq1)m | lt(pmq ′1q2m+12 θ
′ (2m+1)vi−vj
j ). From the proceeding proof, we
know that lt(q1) and lt(q2), lt(θ ′j ) are relatively prime. Therefore, lt(q1)m | lt(q ′1), which is a con-
tradiction to the choice of m.
If lt(g1) | lt(h), then lt(pm+1qm+12 θ
′ (m+1)vi−vj
j ) | lt(pmq ′1q2m+12 θ
′ (2m+1)vi−vj
j ). Hence lt(p) |
lt(q ′1) lt(q2)m lt(θ ′j )mvi , that is, lt(q1) lt(q ′1) | lt(q ′1) lt(q2)m lt(θ ′j )mvi . So lt(q1) | lt(q2)m lt(θ ′j )mvi ,
which is also impossible. 
Lemma 3.8. Suppose composition by Θ commute with Γ -homogeneous Gröbner bases property.
If vi > vj > 0 and xvij > x
vj
i , then lt(d)(vi−vj ) lt(θ ′j )vi  lt(θ ′i )2vj .
Proof. From Lemma 3.1, we have lt(θj )vi > lt(θi)vj , namely lt(dvi θ ′vij ) > lt(dvj θ
′vj
i ). Therefore
lt(d)(vi−vj ) lt
(
θ ′j
)vi > lt(θ ′i)vj . (2)
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′vj
i ). Then there exist
q1, q2 such that d(vi−vj )θ ′vij = pq1, θ
′vj
i = pq2. By (2), we have lt(q1) > 1.
Since {xvji , xvij } is a Γ -homogeneous Gröbner basis, therefore {θ
vj
i , θ
vi
j } is a Gröbner basis.
Obviously, θvji = dvj θ
′vj
i , θ
vi
j = dvi θ ′vij . By Lemma 3.3, {θ
′vj
i , d
(vi−vj )θ ′vij } is a Gröbner basis.
Further by Lemma 3.2, lt(q1) and lt(q2) are relatively prime.
By lt(d)(vi−vj ) lt(θ ′j )vi | lt(θ ′i )2vj , we have lt(p) lt(q1) | lt(p)2 lt(q2)2, which implies lt(q1) |
lt(p).
By Buchberger’s criterion, {x2vij + x
2vj
i , x
vj
i x
vi
j , x
3vj
i } is a Γ -homogeneous Gröbner basis.
Hence {θ2vij + θ
2vj
i , θ
vj
i θ
vi
j , θ
3vj
i } is a Gröbner basis. Now
θ
2vi
j + θ
2vj
i = d2vj
(
d(2vi−2vj )θ ′2vij + θ
′2vj
i
)
,
θ
vj
i θ
vi
j = d(vi+vj )θ ′vij θ
′vj
i ,
θ
3vj
i = d3vj θ
′3vj
i .
By Lemma 3.3, {d(2vi−2vj )θ ′2vij + θ
′2vj
i , d
(vi−vj )θ ′vij θ
′vj
i , d
vj θ
′3vj
i } is a Gröbner basis, i.e., G =
{(pq1)2 + (pq2)2,pq1 · pq2, dvj (pq2)3} is a Gröbner basis.
Let h = q2((pq1)2 + (pq2)2)− q1(pq1 ·pq2) = p2q32 . Then h ∈ Ideal(G). Hence lt((pq1)2 +
(pq2)2) | lt(h); or lt(p2q1q2) | lt(p2q32 ); or lt(dvj p3q32 ) | lt(h).
Case (i). lt((pq1)2 + (pq2)2) | lt(h). In this case, by (2), lt(p2q21 ) | lt(p2q32 ). So lt(q1) | lt(q2).
This is a contradiction because lt(q1) > 1, and lt(q1) and lt(q2) are relatively prime.
Case (ii). lt(p2q1q2) | lt(p2q32 ). In this case, we also have lt(q1) | lt(q2), which is impossible.
Case (iii). lt(dvj p3q32 ) | lt(p2q32 ). In this case, we obtain lt(p) = 1, hence lt(q1) = 1. This a con-
tradiction. 
With Lemmas 3.7, 3.8, we can prove the following key result.
Lemma 3.9. Suppose composition by Θ commute with Γ -homogeneous Gröbner basis property.
If vi = 0, and vj = 0, then lt(θi) and lt(θj ) are relatively prime.
Proof. We distinguish three cases as follows:
(i) vi = vj . Without loss of generality, we may assume xi > xj . Then xvii > x
vj
j , and Γ (x
vi
i ) =
Γ (x
vj
j ). From Lemma 3.1, lt(θi) > lt(θj ). Hence lt(θ
′
i ) > lt(θ
′
j ). Let G = {x2i + x2j , xixj , x3j },
and I = Ideal(G). By Buchberger’s criterion, G is a Γ -homogeneous Gröbner basis. By the
assumption, G ◦ Θ = {θ2i + θ2j , θiθj , θ3j } is a Gröbner basis. Thus by using the same discussions
as those of Lemma 3.7 in [15] to conclude that lt(θi) and lt(θj ) are relatively prime, we refer
readers to [15] for details.
(ii) vi > vj and xvji > xvij . Let G1 = {x
2vj
i + x2vij , x
vj
i x
vi
j , x
3vi
j }. By Buchberger’s criterion,
G1 is a Γ -homogeneous Gröbner basis. Hence F1 = G1 ◦ Θ = {θ2vji + θ2vij , θ
vj
i θ
vi
j , θ
3vi
j } is a
Gröbner basis. Moreover, by Lemma 3.1, we have lt(θvj ) > lt(θvi ).i j
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2vj
i + θ2vij )− θ
′vj
i (θ
vj
i θ
vi
j ). Then h ∈ Ideal(F1) and h = dvi−vj θ ′vij θ2vij =
d3vi−vj θ ′3vij . Hence lt(h) ∈ Ideal(lt(F1)). Thus we have one of the following three cases:
Case 1. If lt(θvji θ
vi
j ) | lt(h). In this case, we have lt(θ ′i )vj | lt(d)2vi−2vj lt(θ ′j )2vi . Since lt(θ ′j ) and
lt(θ ′i ) are relatively prime, we have lt(θ ′i )vj | lt(d)2vi−2vj . By Lemma 3.7, this is a contradiction.
Case 2. If lt(θ2vji + θ2vij ) | lt(h). In this case, lt(d)2vj lt(θ ′i )2vj | lt(d)3vi−vj lt(θ ′j )3vi . Hence
lt(θ ′i )2vj | lt(d)3vi−3vj because lt(θ ′i ) and lt(θ ′j ) are relatively prime. In particular, we have
lt(θ ′i )vj | lt(d)2vi−2vj . This is a contradiction by Lemma 3.7. So lt(θ
2vj
i + θ2vij )  lt(h).
Case 3. lt(θ3vij ) | lt(h). In this case, lt(d)3vi lt(θ ′j )3vi | lt(d3vi−vj θ ′3vij ), which implies lt(d) = 1.
Hence lt(θi) and lt(θj ) are relatively prime.
(iii) vi > vj and xvij > x
vj
i . By Lemma 3.1, we have lt(θj )vi > lt(θi)vj . Let G2 = {x2vij +
x
2vj
i , x
vj
i x
vi
j , x
3vj
i }. By Buchberger’s criterion, G2 is a Γ -homogeneous Gröbner basis. Hence
F2 = G2 ◦ Θ = {θ2vij + θ
2vj
i , θ
vj
i θ
vi
j , θ
3vj
i } is a Gröbner basis.
Let f = θ ′vji (θ2vij +θ
2vj
i )−dvi−vj θ ′vij (θ
vj
i θ
vi
j ). Then f ∈ Ideal(F2), and f = θ
′vj
i (d
2vi θ ′2vij +
d2vj θ
′2vj
i ) − d2vi θ
′vj
i θ
′2vi
j = d2vj θ
′3vj
i . Since F2 is a Gröbner basis, we have lt(f ) ∈
Ideal(lt(F2)). Then one of the following cases holds:
Case 1. If lt(θ2vij + θ
2vj
i ) | lt(f ). In this case, we have lt(θj )2vi | lt(f ). Hence, lt(d)2vi lt(θ ′j )2vi |
lt(d)2vj lt(θ ′i )3vj . Further lt(d)2vi−2vj lt(θ ′j )2vi | lt(θ ′i )3vj , which implies lt(d)vi−vj lt(θ ′j )vi |
lt(θ ′i )2vj . By Lemma 3.8, this is a contradiction. So lt(θ
2vi
j + θ
2vj
i )  lt(f ).
Case 2. If lt(θvji θ
vi
j ) | lt(h). In this case, lt(d)vi+vj lt(θ ′i )vj lt(θ ′j )vi | lt(d)2vj lt(θ ′i )3vj . Hence
lt(d)vi−vj lt(θ ′j )vi | lt(θ ′i )2vj . Thus by Lemma 3.8, this is impossible.
Thus we must have
Case 3. lt(θ3vji ) | lt(h). Thus lt(d3vj ) lt(θ ′i )3vj | lt(d2vj ) lt(θ ′i )3vj . Hence lt(d) = 1, which implies
that lt(θi) and lt(θj ) are relatively prime.
Case vi < vj is analogous to that of vi > vj . So we have completed the proof of
Lemma 3.9. 
Now we can obtain a proof of the necessity.
Theorem 3.1 (Necessity). Suppose composition by Θ commute with Γ -homogeneous Gröbner
bases property. Then the following conditions hold:
(a) ∀p∀q , Γ (p) = Γ (q),p > q ⇒ p ◦ lt(Θ) > q ◦ lt(Θ), and
(b) lt(Θ) is a permuted powering.
J. Liu, M. Wang / Journal of Algebra 315 (2007) 134–143 143Proof. By Lemmas 3.5, 3.6 and 3.9, for all i = j , lt(θi) and lt(θj ) are relatively prime. Hence it
is easy to know that lt(Θ) is a permuted powering [8,15]. By Lemma 3.1, (a) is true. 
Theorem 3.2 (Sufficiency). Suppose the following conditions hold:
(a) ∀p∀q , Γ (p) = Γ (q), p > q ⇒ p ◦ lt(Θ) > q ◦ lt(Θ), and
(b) lt(Θ) is a permuted powering.
Then composition by Θ commutes with Γ -homogeneous Gröbner bases property.
Proof. We can follow the proof in [8] as in [15], so we omit it. 
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